VERTEX OPERATOR ALGEBRAS, EXTENDED E 8 DIAGRAM, AND 
MCKAY'S OBSERVATION ON THE MONSTER SIMPLE GROUP 



CHING HUNG LAM t, HIROMICHI YAMADA *, AND HIROSHI YAMAUCHI 

Abstract. We study McKay's observation on the Monster simple group, which relates 
the 2A-involutions of the Monster simple group to the extended Eg diagram, using the 
theory of vertex operator algebras (VOAs) . We first consider the sublattices L of the Eg 
lattice obtained by removing one node from the extended Eg diagram at each time. We 
then construct a certain coset (or commutant) subalgebra U associated with L in the 
lattice VO A V^ E ■ There are two natural conformal vectors of central charge 1/2 in U 
such that their inner product is exactly the value predicted by Conway pp. The Griess 
algebra of U coincides with the algebra described in ^ Table 3]. There is a canonical 
automorphism of U of order \Eg/L\. Such an automorphism can be extended to the 
Leech lattice VOA V\ and it is in fact a product of two Miyamoto involutions. In the 
sequel ^2] to this article we shall develop the representation theory of U. It is expected 
that if U is actually contained in the Moonshine VOA V ^ , the product of two Miyamoto 
involutions is in the desired conjugacy class of the Monster simple group. 



1. Introduction 

The Moonshine vertex operator algebra constructed by Frenkel-Lepowsky-Meurman 
[7j is one of the most important examples of vertex operator algebras (VOAs). Its full 
automorphism group is the Monster simple group. The weig ht 2 subspace V$ of V* 
has a structure of commutative non- associative algebra which coincides with the 196884- 
dimensional algebra investigated by Griess [9] in his construction of the Monster simple 
group (see also ConwayjT]). The structure of this algebra, which is called the Monstrous 
Griess algebra, has been studied by group theorists. It is well known pQ that each 2A- 
involution <p of the Monster simple group uniquely defines an idempotent called an axis 
in the Monstrous Griess algebra. Moreover, the inner product (e^, e^) of any two axes e$ 
and is uniquely determined by the conjugacy class of the product <pip of 2 A- involutions. 
Actually, 2^4-involutions of the Monster simple group satisfy a 6-transposition property, 
that is, | <f)ip | < 6 for any two 2v4-involutions 4> and ip. In addition, the conjugacy class of 
0^ is one of 1A, 2A, 3A, 4A, 5A, 6A, 45, 2B, or 3C. 
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John McKay [M] observed that there is an interesting correspondence with the extended 
Eg diagram. Namely, one can assign 1A, 2A, 3A, 4A, 5A, 6A, 4B, 2B, and 3C to the nodes 
of the extended Eg diagram as follows (cf. Conway pQ, Glauberman and Norton [Hj): 
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where the numerical labels are equal to the multiplicities of the corresponding simple 
roots in the highest root and the numbers behind the labels denote the inner product 
(2e<£, 2e^) of 2e^ and 2e</,. 

On the other hand, from the point of view of VOAs, Miyamoto ITTj showed that an 
axis is essentially a half of a conformal vector e of central charge 1/2 which generates a 
Virasoro VOA Vir(e) = L(l/2, 0) inside the Moonshine VOA V\ Moreover, an involutive 
automorphism r e can be defined by 

f 1 on W © W 1/2 , 
Te ~ \ -1 on W 1/ie , 

where Wh denotes the sum of all irreducible Vir(e)-modules isomorphic to L(l/2, h) inside 
V*. In fact, r e is always of class 2 A for any conformal vector e of central charge 1/2 in 

vK 

In this article, we try to give an interpretation of the McKay diagram (jl.l|) using the 
theory of VOAs. We first observe that there is a conformal vector e of central charge 1/2 
in the lattice VOA Vy^Eg which is fixed by the action of the Weyl group of type E 8 . Let $ 
be the root system corresponding to the Dynkin diagram obtained by removing one node 
from the extended E$ diagram and L = the root lattice associated with Then 

the Weyl group H^(<I>) of $ and the quotient group E$/L both act naturally on V^2 Es and 
their actions commute with each other. The action of the quotient group Eg/L can be 
extended to the Leech lattice VOA V\. 

The main idea is to construct certain vertex operator subalgebras U of the lattice 
VOA V^2 E corresponding to the nine nodes of the McKay diagram. In each case, U is 
constructed as a coset (or commutant) subalgebra of Vy^Es associated with $. In fact, U is 
chosen so that the Weyl group W / ($) acts trivially on it. We show that in each of the nine 
cases U always contains e and another conformal vector / of central charge 1/2 such that 
the inner product (e, /) is exactly the value listed in the McKay diagram. Both of e and 
/ are fixed by the Weyl group W / ( ( I>). Thus the Miyamoto involutions Tg and Tt commute 
with the action of W(§). Furthermore, the quotient group Eg/L naturally induces some 
automorphism of U of order n = \Eg/L\, which is identical with the numerical label of 
the corresponding node in the McKay diagram. Such an automorphism can be extended 
to the Leech lattice VOA Va and it is in fact a product rg-ry of two Miyamoto involutions 
Tg and Tt. 
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In the sequel [12] to this article we shall study the properties of the coset subalgebra U 
in detail. Except the 4A case, U always contains a set of mutually orthogonal conformal 
vectors such that their sum is the Virasoro element of U and the central charge of those 
conformal vectors are all coming from the unitary series 

6 

c = c m = 1 — r~. r. m = 1,2,3, ... . 

(m + 2)(m + 3) ' ' ' 

Such a conformal vector generates a Virasoro VOA isomorphic to L(c m , 0) inside U. 
The structure of U as a module for a tensor product of those Virasoro VOA is determined. 

In the 4A case, U is isomorphic to the fixed point subalgebra V^j- of 9 for some rank 
two lattice N ', where 9 is an automorphism of Vjv induced from the —1 isometry of the 
lattice M . 

The VOA U is generated by e and /. As a consequence we know that every element 
of U is fixed by the Weyl group W{&). The weight 1 subspace Ui of U is 0. The Griess 
algebra U2 of U is also generated by e and / and it has the same structure as the algebra 
studied in Conway Table 3] . The automorphism group of U is a dihedral group of order 
2n except the cases for 1A, 2A, and 2B. It is a trivial group in the 1A case, a symmetric 
group of degree 3 in the 2A case, and of order 2 in the 2B case. Furthermore, we shall 
discuss the rationality of U and the classification of irreducible modules. The product 
t^Tj of two Miyamoto involutions should be in the desired conjugacy class of the Monster 
simple group, provided that the Moonshine VOA contains a subalgebra isomorphic to 
U. 

Further mysteries concerning the McKay diagram can be found in Glauberman and 
Norton [S]. Among other things, some relation between the Weyl group and the 

centralizer of a certain subgroup generated by two 2A-involutions and one 25-involution 
in the Monster simple group was discussed. That every element of U is fixed by 
seems quite suggestive. 

Let us recall some terminology (cf. 7\). A VOA is a Z-graded vector space V = @ n &V n 
with a linear map Y(-,z) : V —>■ (EndV)[[z, z -1 ]] and two distinguished vectors; the 
vacuum vector 1 G Vq and the Virasoro element w e V 2 which satisfy certain conditions. 
For any v G V, Y(v,z) = J2n£Z v n z ~ n ~ 1 is called a vertex operator and v n G End^ a 
component operator. Each homogeneous subspace V n is the eigenspace for the operator 
L(0) = uj\ with eigenvalue n. The eigenvalue for L(0) is called a weight. Suppose 
V = Q)™ =0 V n with Vq = CI and V\ = 0. For u,v G V 2 , one can define a product 
u ■ v by U\V and an inner product (it, v) by u 3 v = (u, v)l. The inner product is invariant, 
that is, (u\v,w) = (v,u\w) for u,v,w G V2 (cf. |7J Section 8.9]). With the product and 
the inner product V2 becomes an algebra, which is called the Griess algebra of V. 

The organization of the article is as follows. In Section 2 we review some notation for 
lattice VOAs from [7j and certain conformal vectors in the lattice VOA V^ R given by [3] , 
where R is a root lattice of type A, D, or E. Moreover, we study some highest weight 
vectors in irreducible modules of V^ R with respect to those conformal vectors. In Section 
3 we consider the sublattice L of E s and define the coset subalgebra U and two conformal 
vectors e and / of central charge 1/2. We calculate the inner product (e, /) and verify 
that it is identical with the value given in the McKay diagram. A canonical automorphism 
a of order n = \E 8 /L\ induced by the quotient group E$/L is also discussed. Then in 
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Section 4 we consider an embedding of an orthogonal sum V2E 8 3 of three copies of y/2E s 
into the Leech lattice A and show that the product T&Tt of two Miyamoto involutions rg 
and Tf is of order n as an automorphism of V\. Finally, in Section 5 we give an explicit 
correspondence between the Griess algebra U2 of U and the algebra in Conway 1, Table 
3]. 

The authors thank Masaaki Kitazume and Masahiko Miyamoto for stimulating discus- 
sions and Kazuhiro Yokoyama for helping them to compute the conformal vectors for the 
cases of 5 A and 6 A by a computer algebra system Risa/Asir. 

2. Conformal vectors in lattice VOAs 

In this section, we review the construction of certain conformal vectors in the lattice 
VOA V^2 R from 5J, where R is a root lattice of type A n , D n , or E n . The notation for 
lattice VOAs here is standard (cf. [Zj). Let N be a positive definite even lattice with inner 
product ( • , • ). Then the VOA Vn associated with N is defined to be M(l)(g)C{iV}. More 
precisely, let f) = C ®i N be an abelian Lie algebra and f) = f) ® C[t, t^ 1 ] © CK its affine 
Lie algebra. Then M(l) = C[a(n) | a G f),n < 0] • 1 is the unique irreducible f)-module 
such that a(n) -1 = for a G f), n > and K = 1, where a(n) = a®t n . Moreover, C{N} 
denotes a twisted group algebra of the additive group N. In the case for N = V2R, the 
twisted group algebra C{\/2R} is isomorphic to the ordinary group algebra C[y/2R] since 
V2R is a doubly even lattice. The standard basis of C[\/2-R] is denoted by e^ a , a G R. 
Then the vacuum vector 1 is 1 ® e°. 

Let $ be the root system of R and $ + and $~ the set of all positive roots and negative 
roots, respectively. Then $ = $ + U $~ = $ + U (— $ + ). The Virasoro element uo of K/2# 
is given by 

w = w ($) = i- «(-i) 2 -i, 

where h is the Coxeter number of Now define 

2 ^ + 2 ) Q tr+ V 7 (2.1) 

cD = cD($) = u; — s. 

It is shown in |S] that and s are mutually orthogonal conformal vectors, that is, QiU = 
2l), S\S = 2s, and Q\S = 0. The central charge of Q is 2nj (n + 3) if R is of type A n , 1 if 
R is of type D n and 6/7, 7/10 and 1/2 if R is of type E e , E 7 and i? 8 , respectively. 

Let iy($) be the Weyl group of $. Any element g G W / ( ( l ) ) induces an automorphism 
of the lattice R and hence it defines an automorphism of the VOA V^2 R by 

g(u ® e^ ) = gu® e^ 9a for u ® e^ a G M(l) ® e^ C V^ R . 

Note that both s and are fixed by the Weyl group W / ($). 

We shall study certain highest weight vectors with respect to the subalgebra Vir(s) ® 
Vir(cD), where Vir(s) and Vir(cD) denote the Virasoro VOAs generated by the conformal 
vectors s and u, respectively. 

Let R* = {a G Q ® z R \ (a, R) C Z} be the dual lattice of R. 
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Lemma 2.1. Let R be a root lattice of type A, D, or E and 7 + R a coset of R in R* . 
Let k = min{(a, a) \a G 7 + R}. For any r\ G 7 + R with (77,77) = k, we define 

X v = {(a, (3) G R x (7 + R) I (a, a) = 2, ((3, (3) = k and a + (3 = 77}. 

Then \X V \ = kh, where h is the Coxeter number of R. 



Proof. The proof is just by direct verification. We only discuss the case for R = A n . The 
other cases can be proved similarly. 

Let R = A n . Then the Coxeter number h is n + 1 and the roots of A n are given by 
the vectors in the form ±(1, —1, n_1 ) G W l+ , that is, the vectors whose one entry is ±1, 
another entry is +1, and the remaining n — 1 entries are 0. Let fi = ^tj(1, —n). 
Then fi + R is a generator of the group R*/R. Denote 7 = jfi for j = 0, . . . , n. Then 

7 ■ // w c . m J'(^ + 1 — i) 
/c = mm{(a, a)|o; G 7 + it} = 



n + 1 

and the elements of square norm k in 7 + i? are of the form 

1 



n+1 

Now it is easy to see that \X n \ — (n + 1 — j)j = /c/i for any 77 with (77, 77) = k. □ 

Proposition 2.2. Lei 7 + R be a coset of R in R* and k = min{(a, a) \a G 7 + R}. 
Define 



e^ 2a eV^ 



V2( 7 +i?)" 



Q67+-H 

(oi,ct) — k 



Then v is a highest weight vector of highest weight (0, k) in V^^m with respect to 
Vir(s) <S> Vir(J)) 7 that is, SjV = ujjv = for all j > 2, siv = 0, and Hj\V = kv. 

Proof. Since k is the minimum weight of V^ 1+R ^, it is clear that SjV = UjV = for all 
j > 2. Since U\V = kv, it suffices to show that s%v = 0. By the definition (j2.1j) of s and 
the above lemma, we have 



^ = ^2)E(«(-D 2 -l-2(^ + ^)j/ 

h 



— y. 

— t— 9 ^ 



u - > [e^ a + e~^ a ) I w 



h + 2 h + 2 ^ v 7i 

ae<i > + 

u = 0. 



h+2 h+2 



Hence the assertion holds. 



□ 
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3. Extended E 8 diagram and sublattices of the root lattice E 8 

In this section, we consider certain sublattices of the root lattice E$ by using the 
extended E 8 diagram 



«8 
o 



(3.1) 



-o 



L(0) S E 8 , 


L(l) 


^ A x © £ 7 , 


L(2) 


L(3)^A 3 ®D 5 , 


L(4) 


= A 4 © A 4 , 


L(5) 


L(6)^A 7 ®A 1 , 


L(7) 




L(8) 



«0 «i «2 «3 «4 «5 «6 a 7 

where «i, «2, • • • , «s are the simple roots of E 8 and 

«o + 2«i + 3«2 + 4a 3 + 5«4 + 6«5 + 4«6 + 2«7 + 3«s = 0. (3.2) 

Thus (ciij, aci) = 2, < i < 8. Moreover, for i 7^ j, (ai,ctj) = —1 if the nodes ojj and ctj 
are connected by an edge and (aci, aj) = otherwise. Note that — «o is the highest root. 

For any i = 0, 1, ... ,8, let L{i) be the sublattice generated by <x,-,0 < j < 8, j 7^ i. 
Then L(i) is a rank 8 sublattice of E 8 . In fact, L(i) is the lattice associated with the 
Dynkin diagram obtained by removing the corresponding node CKj from the extended E 8 
diagram (|3.1|) . Note that the index \E 8 /L{i)\ is equal to n i; where n« is the coefficient of 
oti in the left hand side of ()3.2j) . Actually, we have 

A 2 © E 6 , 

A 5 ffiA 2 ©Ai, (3.3) 

Remark 3.1. If is not a prime, there is an intermediate sublattice as follows. 

A 3 ®D 5 CD 8 C E 8 , 

A 5 © A 2 © Ax C A 2 © £ 6 C £ 8 , 4©^e^iCAi©-E 7 C £ 8 , 
A 7 © A x c Ai © E 7 c £ 8 - 

There are corresponding power maps between conjugacy classes of the Monster simple 
group, namely, 

(AA) 2 = 2B, (6A) 2 = 3A, (QA) 3 = 2A, (AB) 2 = 2A, 

where (mX) k = nY means that the fc-th power g k of an element g in the conjugacy class 
mX is in the conjugacy class nY (cf. [2J. 

3.1. Coset subalgebras of the lattice VOA Vy^. We shall construct some VOAs U 
corresponding to the nine nodes of the McKay diagram (jl.l|) . In each case, we show that 
the VOA U contains some conformal vectors of central charge 1/2 and the inner products 
among these conformal vectors are the same as the numbers given in the McKay diagram. 

Let us explain the details of our construction. First, we fix i 6 {0, 1, . . . , 8} and denote 
L{i) by L. In each case, \E 8 /L\ = rii and «j + L is a generator of the quotient group 
E 8 /L. Hence we have 

E 8 = L U (an + L) U (2«i + L) U • • • U ((n* - l)a» + L). (3.4) 



a 
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Then the lattice VOA can be decomposed as 

where V v ^ ja . +V ^ i , j = 0, 1, . . . , n» — 1, are irreducible modules of V^ L (cf. jl]). 
The quotient group E 8 /L induces an automorphism a of V^2 E such that 

a(u) = i 3 u for any u G V^^^, (3.5) 

where £ = e 27r v / ^ T / n » i s a primitive n^-th root of unity. More precisely, let 

a% if % = 0, 

-^■(«o + 2«x + • ■ ■ + if 1 < i < 5, 

-|(a + 2a 1 + h 6a 5 + 7a 8 ) if z = 6, (3.6) 

|(o! 6 + a 8 ) if i = 7, 

,-|(a + 2aiH h 8a 7 ) if i = 8. 

Then (a, atj) G Z for < j < 8 with j ^ i and (a, «j) = — l/rij (mod Z). The automor- 
phism cr : V^ E — >■ V^/2 Bg is in fact defined by 

a = e -^v^T/3(o) with ^ = ^ (3_ 7 ) 

For m G M(l)®e a C , we have &{u) = e~^^~^~^^u. Note that sl+R is a generator of 
the quotient group R* /R for the cases i ^ 0, 7, where i? is an indecomposable component 
of the lattice L of type A and i?* is the dual lattice of R. 

For any lattice VOA Vjv associated with a positive definite even lattice N, there is a 
natural involution 9 induced by the isometry a — > —a for a E N. If iV = V2E 8 , which is 
doubly even, we may define 6 : V^ E% — > V^ Es by 

a{— n) — > — a(— n) and e a — > e~ a (3-8) 

for a G v^s (cf. 0). Then QoQ = a and the group generated by 6 and a is a dihedral 
group of order 2?ij. 

Let . . . , Ri be the indecomposable components of the lattice L and the 
corresponding root systems of Ri, . . . , Ri (cf. (|3.3jl ). Then L = Ri © • • • © Ri and 

(see P for tensor products of VOAs). By (|2.1|) . one obtains 2/ mutually orthogonal 
conformal vectors 

s k = s(<S> k ), cD fc = ^($ fc ), fc = l,...,J (3.9) 
such that the Virasoro element uj of V^2 L , which is also the Virasoro element of , 
can be written as a sum of these conformal vectors 

u = s 1 H h s' + uj 1 H h w'. 

Now we define £/ to be a coset (or commutant) subalgebra 

U = {v G | (s*)iV = for all jfe = 1, ... , I}. (3.10) 

Note that U is a VOA with the Virasoro element u' = uj 1 + • • • +u and the automorphism 
a defined by ()3.5|) induces an automorphism of order n« on U. By abuse of notation, we 
denote it by a also. 
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Remark 3.2. In [TT], it is shown that {v G V^ A \ s(A n )iv = 0} is isomorphic to a 
parafermion algebra W n+ \{2n/ (n + 3)) of central charge 2n/ (n + 3). Thus, if L has some 
indecomposable component of type A n , then U contains some subalgebra isomorphic to a 
parafermion algebra. It is well known jTH| that the parafermion algebra W n+ i(2n/(n + 3)) 
possesses a certain Z n+1 symmetry in the fusion rules among its irreducible modules. The 
automorphism a is in fact related to such a symmetry. More details about the relation 
between coset subalgebra U and the parafermion algebra W n+ i(2n/ (n + 3)) can be found 
in 



3.2. Conformal vectors of central charge 1/2. Next, we shall study some confor- 
mal vectors in . We shall also show that the coset subalgebra U always contains 

some conformal vectors of central charge 1/2. Moreover, the inner products among these 
conformal vectors will be discussed. 

Recall that the lattice \/2E% can be constructed by using the [8, 4, 4] Hamming code 
Hg and the Construction A (cf. [3 ). That means 

y/2E 8 = {(ax, . . . ,a 8 ) G Z 8 | (a 1( ...,a 8 )eH 8 mod 2} . (3.11) 

We denote the vectors (0, 0, 0, 0, 0, 0, 0, 0) and (1, 1, 1, 1, 1, 1, 1, 1) by and 1, respec- 
tively. For any 7 G H$, we define 

x 7 °= (-i) <a ' 0>/ v = Yl e °> 

ot= r y mod 2 = 7 mod 2 

(a, a) =4 (a, a.)— 4 

X '= E (-l) <a ' 1>/2 e Q , 



a — 7 mod 2 



and for any binary word S G Z 2 8 , we define 

— 00 + — V (-1) <5 ' 7) JC, e = 0,l, 



5 16 32 



where u is the Virasoro element of the VOA K/Ie 8 - Note that X[ = for any e = 0, 1 
and that e e s = if and only if 77 G 5 + H$ 



Lemma 3.3. For any e = 0, 1 and 5 G Z 2 8 ; e| a conformal vector of central charge 
1/2. T/ie inner product among them are as follows. 



for any r\ ^ 5 + i?8; anc ^ 
/or any 5, r\ G Z 2 8 . 



if 5 + r] is even 
1/32 if 5 + rj is odd 
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Proof. We have 

(x'uxi) = ax; +c if | 7 + CI = 4, 

(*sM*s)= E ^(- 1 ) 2 - 1 - 



2 

a = mod 2 

(a, a)— 4 



Moreover, for any 7 £ with |7| = 4, 

(^)i(^) + (*i +7 )i(*w = E ^(- l ) 2 - l + E ^(-i) 2 -i+8^. 

a =7 mod 2 a = 1+7 mod 2 

(a ,ck) — 4 (a ,a) — 4 

Note also that 

E E ^(- 1 ) 2 - 1 = E /?(-i) 2 -i = 2 E /5(-i) 2 -i- 

7eJ/g a = 7mod2 /3<=$(E S ) /3£$+ (E S ) 

(a, a)— 4 

In addition, we have 

16 if 7 = C and (7,7) ^ 8, 



otherwise, 



X 7 ' c/ 10 otherwise. 



Then since uj\uj = 2uj and (uj,uj) = 4, it follows that 



lea; 



76 -Hg TS-ffg 

■4x2w + 2x-x-x2V (-1) <<5 ' 7) X^ 
2 s 16 32 ; 7 

7S-ffs 

+ 24( E 2/3(-l) 2 • 1 + 56 E (-1) <5 ' 7> ^ 7 ) 
/3e<J>+(£ 8 ) 7ei?s 

8 16 



7G^8 



and 



<^> = 2^x4+^x 240 = 1 



Hence e e s is a conformal vectors of central charge 1/2. 
For any rj £ 5 + H$, we calculate that 

<^> = 1 x 4 + ^ £(-l)<'^"><X«,X«) 

7S-H"8 

^ + 2ii) x 16 x (7 - 8) = if 5 + 7] is even, 
± + 2iTT x 16 x (8 - 7) = ^ if 5 + 7] is odd. 
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Note that there are exactly eight elements in H s which are orthogonal to 5 + r\. Note also 
that 5 + rj is orthogonal to (1, 1, 1, 1, 1, 1, 1, 1) if and only if 5 + rj is even. 
Finally, for any 5, r] £ Z2 8 we obtain 

1 1 



<^e;> = ^x4--xl6 = 0. 



□ 



In Miyamoto [IB] , certain conformal vectors of central charge 1/2 are constructed in- 
side the Hamming code VOA. Our construction of e\ is essentially a lattice analogue of 
Miyamoto's construction. In fact, take Xj = (0, . . . , 2, . . . , 0) £ Z 8 to be the element in 
V2E$ such that the j'-th entry is 2 and all other entries are zero. Then we have a set of 
16 mutually orthogonal conformal vectors of central charge 1/2 given by 

<4, = Ye x ^ 2 ' 1 ± \& + e ~ Aj )' j = 2 > • • • ' 8 - 

A set of mutually orthogonal conformal vectors of central charge 1/2 whose sum is equal 
to the Virasoro element in a VOA is called a Virasoro frame. Thus, {cuf. | 1 < j < 8} is 
a Virasoro frame of V y /2 E . With respect to this Virasoro frame, the lattice VOA V^/^g 
is a code VOA (cf. [IE])- Let V^ E be the fixed point subalgebra of V^ Eg under the 
automorphism 9 (cf. f|3.8|) ). Then 10^. £ and is isomorphic to a code VOA 

Md, where .D is the second order Reed-Miiller code RM(4, 2) of length 16. Note that 
dimi?M(4, 2) = 11 and the dual code of RM(4,2) is the first order Reed-Miiller code 
RM(4, 1) with the generating matrix 

/llllllllllllllll\ 
1111111100000000 
1111000011110000 
1100110011001100 
^1010101010101010^ 

Let H + and H~ be the subcodes of D whose supports are contained in the positions 
corresponding to {u;^. | 1 < j < 8} and {u^ \ 1 < j < 8}, respectively. Then H + and H~ 

are both isomorphic to the [8,4,4] Hamming code H 8 . The conformal vectors e° and e\ 
are actually the conformal vectors ss constructed by Miyamoto 16 a using the Hamming 
code VOAs M H + and M H - , respectively. 

Proposition 3.4. The set {e°,e^|<5, ( £ Z 2 8 /i?85 (are even} is a Virasoro frame of 
y^2 E • Moreover, V^ E ^ = M RM ^ 2 ) with respect to this frame, where M RM ^ 2 ) denotes 
the code VOA associated with the second order Reed-Miiller code RM(4,2). 

Proof. The first assertion follows from Lemma 13.31 As mentioned above, we know that 
V+^ E = M D with respect to the frame {uf. 1 1 < j < 8}, where D ^ RM(4, 2). It contains 
a subalgebra isomorphic to M H + ® M H - . For convenience, we arrange the positions of 
{tu^} so that the support suppif + of H + is (1 8 ,0 8 ) and the support suppif" of H is 
(0 8 ,1 8 ). Let {p , Pi, . . . , fi 7 } with p = be a complete set of coset representatives of 
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D/(H+®H-). Then 

7 
i=l 

By a result of Miyamoto jTB], Mh+®h- is still isomorphic to the code VOA Mh+®h- 
associated with H + © H~~ with respect to the frame {e°, | 5, ( G 1*2 8 /H 8 , 5, (are even}. 
Moreover, we know that (l 8 , 8 ) and (0 8 , l 8 ) are contained in the dual code of D. Thus 
((1 8 ,0 8 ), ^) = ((0 8 , 1 8 ),A) = for all i. Let (3 + and /3~ be such that supp/5+ C supptf+, 
supp/3~ C supp#~, and $ = (3 + + /3~ . Then M ft+ (#+ ejH --) = Mp+ +H + <g> Mp- +H - and 
both of Mp++H+ an d M^- + #- are of integral weight. Hence, by [TH], M /3 . + (^+ e ^-) is again 
isomorphic to Mp i+ (H+®H-) with respect to the frame {e°, | 5, £ G %2 S /H 8 , S, (are even} 
and thus we still have V^ E = M D . □ 

Now let 

16 32 ^ v ; ' , Q1Q v 

ae$+(E 8 ) (3-12) 

/ = <re, 

where a is the automorphism defined by ()3.5j) . These conformal vectors of central charge 
1/2 play an important role for the rest of the paper. 

Let $ be the root system of L = L(i). Let Hj = {a G jcti + L \ (a, a) — 2} be the set 
of all roots in the coset joti + L for j — 1, . . . , n.j — 1. Then 

n<— 1 

$(£ 8 ) = $U |J Fj. 

We introduce weight 2 elements X J , namely, 

X i = J2e^ a , j = l,...,m-l. (3.13) 

Then 



16 32 ^ 

ae* i=i 

^ 16 32 



(3.14) 



16 32 



where £ = e 27rv ^"/ ni is a primitive Uj-th root of unity. 

Lemma 3.5. (1) X j G U, j = 1, . . . , n, - 1. 

(2) e,/etf. 

Proof. Let s fc be defined as in ()3.9j) . Then by a similar argument as in the proof of 
Proposition E21 we can verify that (s fc )iX- J = and {s k )\e = for k = 1, . . . ,/. Thus 
X\ e G U by the definition ()3.10j) of £/. Since a leaves U invariant, we also have / G U. □ 
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Remark 3.6. The Weyl group W(E 8 ) of the root system of type E s acts naturally on 
the lattice VOA V^ Eg and e is the only conformal vector among e°, which is fixed by 

W(E$). The conformal vector / is fixed by the Weyl group W($) = W(®i) x ■ ■ • x W($i) 
of the root system $ = $1 © ■ ■ ■ (B&i of L = L(i). The conformal vector e is also fixed by 
the automorphism 9 (cf. (|3.8|) ). However, / is not fixed by 9 in general. 

Theorem 3.7. Let e,f be defined as in (I3.12J) . Then 



(e,f) 



(1/4 


ifi 


= 0, 


1/32 


ifi 


= 1, 


13/2 10 


ifi 


= 2, 


1/2 7 


ifi 


= 3, 


< 3/2 9 


ifi 


= 4, 


5/2 10 


ifi 


= 5, 


1/2 8 


ifi 


= 6, 





ifi 


= 7, 


1/2* 


ifi 


= 8. 



(3.15) 



In other words, the values of (e, /) are exactly the values given in McKay's diagram (jl.lj) . 
Proof. By (J3.14j) . we can easily obtain that 



(e, /) 



1 1 / 
2« + 2lo(l*l + 



where Hj = {a G jati + L \ (a, a) = 2}. 



If i = 0, then no 



If 2 = 1, then ni 



1 240 
26 + 2 10 " 



1 and |$| = 240. Hence 

(e, /) 

2, i^ih^aoi + i^)! 



1 

4" 

128, and IHA = 112. Hence 



112) = — . 
; 32 



If i = 2, then n 2 = 3, |$| = |$(A 2 )| + |$(£ 6 )| = 78, and |#i| = |# 2 | = 81. Hence 

11 13 
& f) = 03+210 (78- 81) = 210. 

4, |$| = |$(A 3 )| + mD 5 )\ = 52, |^| = \H 3 \ = 64, and |# 2 | = 



If i = 3, then n 3 
Hence 



Ifi = 4, thenn 4 = 5, |$| = |$(A 4 )| + |$(A 4 )| =40, and |#i| 
Hence 

= 7^ + ^(40-50) = 1 



I # 5 



I #3 



I #4 



60. 



50. 



2 6 2 10 



2 9 ' 
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If i = 5, then n 5 = 6, |$| = + |$(A 2 )| + |$(A 5 )| = 38, 1^1 = |# 5 | = 36, 

|# 2 | = |F 4 | = 45, and \H 3 \ = 40. Hence 

(e,/> = ^ + ^(38 + 36 -45 -40) = A 

If z = 6, then n 6 = 4, |$| = |$(Ai)| + |$(A)| = 58, |#i| = |if 3 | = 56, and \H 2 \ = 70. 
Hence 

= ^ + ^0 (58-70) = ! 
If i = 7, then n 7 = 2, |$| = |$(£> 8 )| = 112, and l^] = 128. Hence 

^/) = ^ + ^( 112 - 128 ) = °- 
If i = 8, then n 8 = 3, |$| = |$(A 8 )| = 72, and \Hi\ = \H 2 \ = 84. Hence 

6/> = ^ + ^o(72-84) = i. 

Thus we have proved the theorem. □ 

Remark 3.8. The same result still holds if we replace e by and / = ere by cre^ for any 
e = 0, 1 and 5 e Z 2 8 . 

4. Miyamoto's t-involutions and the canonical automorphism a 

Let be a VOA. If V contains a conformal vector u> of central charge 1/2 such that 
the subalgebra Vir(u>) generated by w is isomorphic to the Virasoro VOA L(l/2, 0), then 
an automorphism t w of V with {j w ) 2 = 1 can be defined. Indeed, V is a direct sum of 
irreducible Vir(u>)-modules. Denote by Wh the sum of all irreducible direct summands 
which are isomorphic to L(l/2,/i). Then t w is defined to be 1 on W © W1/2 and — 1 
on W1/16 (cf. Thus t w is the identity if V has no irreducible direct summand 

isomorphic to L(l/2, 1/16). We call r w the Miyamoto involution or the r-involution 
associated with w. 

In this section, we shall study the relationship between the canonical automorphism o 
and the Miyamoto involutions rg, r CT e, . . ., and 7^-1,5. Let us recall two conformal vectors 
e and / of central charge 1/2 defined by (|3.12j) and two automorphisms a and 9 introduced 
in Subsection 3.1. 

Lemma 4.1. As automorphisms ofV^2 Eg , rg = 9. 

Proof. By Proposition 13.41 we know that {e®,e^\5, ( E Z 2 8 /H 8 , S, ( even} is a Vira- 
soro frame of V^ E an d with respect to this frame, V^ E is a code VOA isomorphic to 
M RM u 2 )- Therefore, t & \ v + = id. On the other hand, 

e l7 (-l) . 1 = lo; l7 (-l) • 1 + 1 J2 (e^ + e-^) l7 (-l)-l 

ae<E>+(Es) 

= ^7(-l)-l 
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for any 7 G V2E 8 . By the definition of rg, this implies that Tg(7(— 1) ■ 1) = — 7(— 1) • 1. 

Then rg| T/ - = — id, since V~^„ is an irreducible V"t^„ -module. Hence rg = 9 as 

'V2e 8 V2S8 V2£; 8 

automorphisms of K/2 Sg . □ 

Theorem 4.2. v4s automorphisms ofV^2 Eg , t^tj = (c^ 1 ) 2 = e 2nvr ~ s -^°' } and thus \rgr^\ = 
rii if rii is odd and \TgTi\ = rij/2 if ni is even. 

Proof. Since / = ere, we have ri = crTgcr^ 1 . By ()3.5|) and the preceding lemma, we also 
have rgcrrg = QoQ = a -1 . Hence the assertion holds by (|3.7j) . □ 

Next, we shall extend T$,Tj, and cr to the Leech lattice VOA Va- According to the 
presentation ()3.11|) of V2E 8 , the dual lattice £ of V2E 8 is given by 

£ = {>!,..., a 8 ) G ^Z 8 | 2(ai, ...,a 8 )eH 8 mod 2}. 

Note that l^/v^^sl = 2 8 . Note also that 

V c = SQfc) ® C{£} - V a+v - 2Ea 

a+V2E s €C/V2E 8 

as a module of . 

For any coset a + \/2E 8 of \p2E 8 in £, one can always find a coset representative a 
whose square norm is minimum in the coset such that a is in one of the following forms. 

(0 8 ), (1,0 7 ), (1 2 ,0 6 ), ((l/2) 4 ,0 4 ), 

((l/2) 3 ,-l/2,0 4 ), ((l/2) 2 ,(-l/2) 2 ,0 4 ), ((1/2) 4 ,1,0 3 ), (4.1) 
((l/2) 3 ,-l/2,l,0 3 ), ((1/2) 8 ), ((l/2) 7 ,-l/2), ((l/2) 6 ,(-l/2) 2 ). 

The square norm (a, a) of such a is 0, 1, or 2. Moreover, if (a, a) = 2, then a can be 
written as a sum a = a + b, where a,b G £ are in the above forms with (a, a) = (b, b) = 1 
and (a, b) = 0. In particular, the minimal weight of the irreducible module V a+ ^2 Es is 
either 1/2 or 1 for a G" V2E 8 . 

Now cr = e~ 7rv/3l "^°' ) (cf. (|3.7p ) acts on Vc as an automorphism of order 2rij. The 
r-involution rg also acts on Vc- In fact, V a+ ^/2 Eg is rg-invariant for any coset a + \plE 8 of 
V2E 8 in £. 

Lemma 4.3. For any x G C with (x,x) = 1, T$(e x ) = — e~ x . 

Proof. If (7,7) = 4 and (7 + x, 7 + x) = 1 for some 7 G V2E 8 , then (7, x) = —2 and 
7 + x = —x. Thus, by the definition of e it follows that 

e±e x = — (-e x \ + — e~ x and e x e~ x = — (-e~ x \ + —e x . 
16 V2 / 32 16 V2 / 32 

Therefore, e\{e x + e~ x ) = jq(g x + e~ x ) and e\{e x — e~ x ) = 0. Hence rg(e 1 ' + e~ x ') = 
— [e x + e _a: ) and rg(e x — e _:r ) = e x — e"^ by the definition of rg, and so rg(e IE ) = — e~ x . □ 

Lemma 4.4. Le£ a + \/2E 8 be a coset of V2E 8 in C. Then for any u G V a+ ^2 Es , 
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Proof. We have V a+ ^ Eg = span c {v n e a \ v G V^ Eg , n G Z}, since V a+ ^ Es is an irreducible 
y v /2E 8 -moc rule. If (a, a) = 1, then we know that Tg(e a ) = —e~ a by Lemma 14.31 Thus 
7><7Tp(e a ) = a~ l (e a ) and so 



Te(TTe(v n e a ) = (r,s<7Tg(t>))n (TeCTT^e )) 

= a~\v) n a-\e a ) 
= a-\v n e a ) 



for any v G K/Ie 8 ^y Lemma f4. 11 

If (a, a) = 2, then a = a + b for some vectors a, b in the forms of (j4.1|) with (a, a) = 
(b, b) = 1 and (a, 6) = 0. In this case, e a = (e a )_ie 6 and we still have Te<7Te(e a ) = cr _1 (e a ) 
Thus for any v G V^ Eg , 



rear, 



,(v n e a ) = a-\v) n a-\e a ) = o--\v n e a ) 



as required. □ 



As a consequence, we have the following proposition. 

Proposition 4.5. For any u G Vc, T S ar s (u) = a~ l {u). Hence t^t^ = (cr -1 ) 2 = e 27rv/ ~ T/3 (°) 
as automorphisms of Vc ■ 



Now we discuss the situation in the Leech lattice VOA V\. First let us recall the 
following theorem Theorem 4.1] (see also [TTH HHj). 

Theorem 4.6. For any even unimodular lattice N of rank 24, there is at least one (in 
general many) isometric embedding of \pl N into the Leech lattice A. 

It is well known (cf. JTU]) that the Leech lattice A can be constructed by "Construction 
A" for Z 4 -codes of length 24. In fact, 



A = A^(C) = —{x G Z 24 | x = c mod 4 for some c G C} 
2 
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for some type II self-dual Z 4 -code C of length 24. By [TU], C can be taken to be the 
Z 4 -code having the generating matrix (J4.2j) . 



/9999 


nnnn 
uuuu 


nnnn 
uuuu 


nnnn 
uuuu 


nnnn 
uuuu 


nnnn\ 

UUUU l 


nn99 
uuzz 


99nn 
zzuu 


nnnn 
uuuu 


nnnn 
uuuu 


nnnn 
uuuu 


nnnn 
uuuu 


nnnn 
uuuu 


nn99 
uuzz 


9n9n 
zuzu 


nnnn 
uuuu 


nnnn 
uuuu 


nnnn 
uuuu 


nnnn 
uuuu 


nnnn 
uuuu 


n9n9 
uzuz 


9n9n 
zuzu 


nnnn 
uuuu 


nnnn 
uuuu 


nnnn 

uuuu 


nnnn 

uuuu 


nnnn 

uuuu 


n9n9 


9nn9 


nnnn 

uuuu 


9n9n 

ZUZU 


9n9n 

ZUZU 


nnnn 
uuuu 


nnnn 
uuuu 


nnnn 
uuuu 


nnnn 
uuuu 


nnnn 
uuuu 


n99n 
uzzu 


99nn 
zzuu 


nnnn 
uuuu 


nnnn 
uuuu 


nnnn 
uuuu 


0000 


0000 


2002 


2002 


0000 


0000 


0000 


0000 


0000 


0022 


2020 


0000 


2000 


2000 


2000 


2000 


2000 


2000 


1111 


1111 


2000 


2000 


0000 


0000 


2000 


1111 


1111 


0000 


2000 


0000 


0000 


0000 


1111 


1111 


2000 


2000 


2000 


0000 


2000 


1111 


1111 


0000 


2000 


2000 


0000 


0000 


1111 


1111 


3012 


1010 


1001 


1001 


1100 


1100 


\3201 


1001 


1100 


1100 


1010 


1010/ 



(4.2) 



For any Z^-code C of length n, one can obtain a binary code 

B(C) = {(&!, . . . A) e Z 2 n | (26a, . . . , 2b n ) G C}, 

where 2b j should be considered as G Z4 if bj = G Z 2 and 2 G Z4 if bj = 1 G Z 2 . 
Moreover, the lattice 

L B{C) = {xeZ n \xe B(C) mod 2} 

is a sublattice of A&(C). In the case for C = C, the binary code B{C) contains a subcode 
isomorphic to H 8 © H 8 © H 8 . Thus by (I3.11|) . we have an explicit embedding of V2E 8 3 
into the Leech lattice A. 

Now let V2E 8 3 — > A be any embedding of y/2E 8 3 into the Leech lattice A C C 3 . Let 
3 = V2(a, 0, 0) G £ 3 , where a is defined as in (j3~Hjl . Define o : (y £ )® 3 -> (^ £ )® 3 by 

a = a© 1 © 1 = e^^i^o). 

Then 5" is an automorphism of Va. Moreover, the following theorem holds. 

Theorem 4.7. Let and a be defined as above. Then as automorphisms of V\, t^t^ = 
(a -1 ) 2 = e 27rv/3T ^(°) and |rgr?| = n, /or any z = 0, 1, . . . , 8. 

5. Correspondence with Conway's axes. 

Recall the elements u k and X J defined by ()3.9j) and ()3.13|) . It turns out that the 
Griess algebra U 2 of U is generated by e and / and is of dimension I + rij — 1 with basis 
cD fc , 1 < < / and X\ 1 < j < — 1 (see jT2] for details). We can verify that the Griess 
algebra C/ 2 coincides with the algebra described in Conway jH Table 3] . In PQ , it is shown 
that for each 2A-involution of the Monster simple group, there is a unique idempotent in 
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the Monstrous Griess algebra Vg corresponding to the involution. Such an idempotent is 
called an axis. By Miyamoto ^5] > an axis is exactly half of a conformal vector of central 
charge 1/2. Note that the product t * t' and the inner product (£,£') of two axes t, t' in 
PP are equal to t ■ t' — tit' and (t,t')/2, respectively in our notation. Let t n be as in pQ. 
We denote t, u, v, and w of [I] by t 2 A, «3A, V4A, and w^a, respectively. 

In each of the nine cases, we obtain an isomorphism of our Griess algebra 11% to Con- 
way's algebra generated by two axes through the following correspondence between our 
conformal vectors and Conway's axes. 

1A case. e < — > -^to- 

2A case. a 3 e < — > -^tj, j = 0, 1, u 1 < — > -^hA- 
3A case. a 3 e < — > ^tj, j = 0, 1, 2, Co 



,~.i<_ . 1 



32 3 > j "> ^ 45 

case. o^'e < — > -^tj, < j < 3, cj 1 < — > ^ V 4A- 

case. a 3 e < > ^i,-, < j < 4, cj 1 — u; 2 < ► — ^^ W 5A- 

6A case. cr J e < > ^t,-, < j < 5, cj 2 < ► ^*2A, < ► i^A- 

45 case. a 3 e < — > -^tj, < j < 3, u; 1 < — >■ ^^2A- 

2B case. <j J e < — > ^i,-, j = 0, 1. 

3C case. (x J e < — > ^tj, j = 0, 1, 2. 
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